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Abstract— Conventional CMOS devices are facing an in-
creasing number of challenges as their feature sizes scale down.
Graphene nanoribbon (GNR) based devices are shown to be a
promising replacement of traditional CMOS at future technology
nodes. However, all previous works on GNRs focus at the device
level. In order to integrate these devices into electronic systems,
routing becomes a key issue. In this paper, the GNR routing prob-
lem is studied for the first time. We formulate the GNR routing
problem as a minimum hybrid-cost shortest path problem on tri-
angular mesh (“hybrid” means that we need to consider both the
length and the bending of the routing path). In order to model
this hybrid-cost problem, we apply graph expansion and intro-
duce a shortest red-black path problem on the expanded graph.
We then propose an algorithm that solves the shortest red-black
path problem optimally. This algorithm is then used in a negoti-
ated congestion based routing scheme. Experimental results show
that our GNR routing algorithm effectively handles the hybrid
cost.

I. INTRODUCTION

The semiconductor industry has showcased a spectacular ex-
ponential growth in the number of transistors per integrated cir-
cuit for several decades, as predicted by Moore’s Law. How-
ever, maintaining this exponential growth rate in the future
is a major challenge. Conventional CMOS devices are fac-
ing a growing number of issues as feature sizes scale down,
including increased wire resistivity due to surface and grain-
boundary scattering, increased leakage power, significant mo-
bility degradation, and large dopant fluctuations. Chemically
synthesized nanoscale materials–such as nanowires, carbon
nanotubes (CNTs), and graphene nanoribbons (GNRs)–have
been shown to have favorable device properties, new device
characteristics, and large integration capability through new
fabrication techniques. These nanoscale devices have signif-
icant potential to revolutionize the fabrication and integration
of electronic systems and operate beyond the perceived scaling
limitations of traditional CMOS.

Recently, a significant number of studies focus on building
field effect transistors (FETs) using CNTs and GNRs. CN-
FETs are field effect devices that use CNTs for their channels
while GNRFET uses thin ribbons of graphene as the channel
material. The primary advantage of GNRFETs over CNFETs
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Fig. 1. Layout of GNRFET designed in [1]. (a) Optical image of the device
layout. (b) Scanning electron microscopy image of the graphene channel and
contacts. (c) Schematic cross section of the graphene transistor.

is the two-dimensional structure of graphene. Since graphene
is created in large homogeneous sheets, it can be grown and
patterned using standard planar processing technology. This
makes it easier to work with than nanotubes, which require
a bottom-up method of fabrication in which the tubes must be
aligned and placed either during growth or in a subsequent pro-
cessing step. Recently, top-gated GNRFETs of various gate
lengths have been fabricated with peak cutoff frequencies up
to 26 GHz for a 150nm gate length [1] (see Fig. 1). Results
indicate that if the high mobility of graphene can be preserved
during the fabrication process, a cutoff frequency approaching
terahertz may be achieved for GNRFET with a gate length of
50nm [1,2].

While previous innovations in GNR electronics originated
at the individual device level, realizing the true impact on elec-
tronic systems demands that we translate these device-level ca-
pabilities into system-level benefits. This translation requires
new design automation algorithms for GNR nanocircuits that
honor the unique constraints imposed by GNRs and target the
key advantages they offer. Design automation has always kept
pace with the advance of semiconductor technology. Research
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in design automation usually starts even before the technology
is actually put in use. Given the great potential of GNR-based
nanoelectronics, it is important to start research on the related
design automation issues. This paper focuses on the GNR rout-
ing problem.

Due to the unique benzene-like hexagonal ring structure of
graphene, metallic zig-zag GNRs can be of three different ori-
entations, implying a routing grid very different from the rect-
angular grid for conventional metal routing. Furthermore, the
delay of a metallic GNR wire is determined not only by its
length but also by the number of bendings and the angle of
bendings along its path. Obviously, the maze routing algo-
rithm pervasively used in traditional IC routers is not applica-
ble to such a routing problem. We need a new routing model
to capture the unique routing grid and delay metric.

In this paper, we propose to formulate the single net GNR
routing problem as a minimum hybrid-cost shortest path prob-
lem on a triangular mesh (“hybrid” means that both the length
and the bendings are integrated together as the cost). We then
propose an algorithm that solves the minimum bending-cost
shortest path problem optimally. This algorithm is then fitted
into a negotiated congestion based routing scheme to solve a
multi-net problem. This is the first time that the GNR routing
problem is formulated and studied.

The rest of this paper is organized as follows: Section II in-
troduces the necessary background of graphene nanoribbons.
Section III formulates the GNR routing problem. The problem
is then optimally solved in Section IV. Section V gives the
negotiated congestion based routing scheme used to address
mulit-net routing. Section VI shows some preliminary experi-
mental results and Section VII concludes the paper.

II. BACKGROUND

Carbon nanomaterials are composed primarily of benzene-
like hexagonal rings of carbon atoms. Each edge of the
hexagon is a sp2 carbon-carbon bond with a bond length of
roughly 0.14nm. The intrinsic physical and electrical proper-
ties of graphene make it desirable for a large number of poten-
tial applications ranging from biosensors to flexible electronics
to solar cell electrodes. One of the most exciting applications
is the use of graphene in future high performance transistors.
GNRs offer a mean free path 25x longer than copper, and car-
rier mobilities over 10x higher than silicon [3,4]. Furthermore,
their intrinsic mobility limit is 2× 105cm2/V s [3], exceeding
the mobility of semiconducting CNTs (∼ 1×105cm2/V s [5]).

The importance of GNR edge states was predicted by
physics first-principles calculations [6, 7]. The edges of
graphene can either be zigzag or armchair, depending on the
orientation of the graphene lattice edge. A recent experiment
used scanning tunneling microscopy to verify this prediction,
confirming that the crystallographic orientation of the edges
significantly influences the electronic properties of nanometer-
sized graphene [8]. By measuring the band gap of graphene
samples and noting their edge chirality, they observed that
nanoribbons with predominantly zigzag edges are metallic,

armchair edge state zigzag edge state

(a) Semiconductive (b) Metallic

Fig. 2. Armchair edge states lead to semiconductive GNRs while zigzag edge
states lead to metallic GNRs.
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Fig. 3. All-graphene GNRFET design: the metal-semiconductor junction is
formed by the change of GNR chirality.

while those with predominantly armchair edges are semicon-
ducting. Fig. 2 illustrates the armchair and zigzag edge states
and their corresponding chirality.

GNRFETs with traditional metal source and drain electrodes
have been proven experimentally and been manufactured at
wafer scales [9]. Research groups have also started investigat-
ing a new class of GNRFETs that are patterned entirely from
a single piece of graphene [10–12]. The idea of all-graphene
design is based on metal-semiconductor junctions formed by
a change in GNR chirality. GNR chirality changes occur at
the bends of a graphene nanoribbon. Band gap is strongly
dependent on edge orientation, so a change in the chirality
from predominantly zigzag (metallic) to predominantly arm-
chair (semiconducting) will form a metal to semiconducting
junction. Fig. 3 shows the design of GNRFETs without metal
source and drain. In order to build a circuit using such tran-
sistors, metallic interconnections are needed between devices.
Due to the special features of metallic GNRs, routing between
the transistors becomes an interesting and unique problem. In
the next section, we will show how we formulate the GNR
routing problem.

III. GNR ROUTING PROBLEM

Let us assume that the overall graphene sheet is oriented
such that some bonds are horizontal, as shown in Fig. 4 (other
orientations of the sheet can be discussed in the same way).
To obtain a semicoducting GNR, which can be abstracted as
a thin rectangle with width < 10nm, we need the two sides
of the rectangle to have armchair edge states. This requires
the two sides of the rectangle to be oriented at 0, 60, or 120
degrees, which means that the rectangle itself should also be
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Fig. 4. GNR orientations: (a) semiconducting (b) metallic

oriented at 0, 60, or 120 degrees (see Fig. 4 (a)). Similarly,
metallic GNRs can be considered as rectangles oriented at 30,
90, or 150 degrees (see Fig. 4 (b)).

As a result, we can abstract the physical layout of a GNR
cell as a collection of semiconducting rectangles oriented at 0,
60 and 120 degrees connected by GNR wires oriented at 30,
90 and 150 degrees. The GNR routing problem is that given
the location and orientation (one of 0, 60 and 120 degrees)
of the semiconducting terminals (a terminal is one end of the
semiconducting rectangle), how do we determine the routing
path of the metallic GNR wires between them so that the delays
of the paths are minimized.

For GNR wires, two major factors contribute to the delay:
length and bending. According to [13], the interconnect resis-
tance is a constant when the length is smaller than the mean
free path length, and then it goes up according to the extra
length beyond the mean free path length. The mean free path
length is regarded as 1μm in [13]. This means that for ter-
minals that are close to each other, the length contribution to
the overall resistance is very small while for two pins that are
far apart, the length has a more significant contribution to the
resistance (and therefore to the delay).

Another major contributor to the resistance is the bending
of the GNRs. Bends in a GNR cause reflection, backscattering
and resonant tunnel effects [11] which then contribute to the
overall resistance. Bends of different angles result in different
resistance. According to the simulation done by Areshkin and
White [14], a 120◦ bend introduces a resistance 3x larger than
that introduced by a 60◦ bending. This is somewhat counter-
intuitive because we would expect sharper bending to intro-
duce more serious reflection. The reason behind the interest-
ing simulation result is that the current per unit energy for the
60◦ bending exhibits a pronounced circular pattern in the en-
ergy ranges. Such a circular pattern exhibits a resonant behav-
ior [14], which yields a current per unit energy in the “resonant
cavity” of substantially higher magnitude. As a result, the 60
degree bend only shows a 12% conductance degradation com-
pared to the straight line (no bending). On the other hand,
a 120◦ bend does not exhibit the resonant behavior, and thus
produces a greater reflection effect with considerably higher
resistance. Notice that [14]’s result is based on simulation; ac-
tual resistance caused by bending still needs to be verified by
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Fig. 5. Effect of different bends on GNR chirality.
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Fig. 6. Triangular routing grid for GNR routing path. The cost of a path
depends on the length and bending.

future experiments.
The bending costs of other angles (30◦, 90◦, and 150◦) in-

volve more complicated mechanisms because such angles im-
ply a chirality change from the metallic GNR wires. Such
changes of chirality form metal-to-semiconductor junctions
and the resistance at these junctions is not reported by any lit-
erature. See Fig. 5 for an example. Bending at 30◦, 90◦, and
150◦ imply chirality changes and the formation of junctions,
while at 0◦, 60◦ and 120◦ bending, the chirality remains the
same.

Because of the above properties of GNR wires, we propose
to formulate the GNR routing problem as a minimum hybrid-
cost path problem on a triangular mesh (hybrid means the cost
is a hybrid of the length cost and bending cost). Since the
metallic GNRs are oriented at 30, 90, or 150 degrees, the un-
derlying routing grid also has routing tracks along these de-
grees. Furthermore, we assume a uniform wiring pitch for the
metallic GNRs (which is essentially the sum of the width and
the separation). As a result, we will have a triangular mesh,
shown in Fig. 6, as our underlying routing grid.

We use a hybrid cost model to model the routing cost of
a GNR wire. The total cost of one GNR wire is the sum
of two parts: length cost and bending cost. The length cost
is the length of the wire multiplied by a weight wL. If the
distance between the two terminals on the mesh is within
the mean free path (1μm according to [13]), then wL is a
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very small constant. However, if the distance exceeds the
mean free path, wL becomes larger. On the other hand,
we assign different costs to different degrees of bending.
We denote the cost of 150◦, 120◦, 90◦, 60◦, 30◦ bending as
α150◦ , α120◦ , α90◦ , α60◦ , α30◦ respectively. From the simula-
tions in [14], we know α120◦ ≈ 3α60◦ . Other α values are
unknown for now. The total bending cost is the sum of the cor-
responding α values over all bends along the path. One thing
to notice is that since the orientations of the devices and the
interconnections are different, inevitably we have to introduce
bending at the two terminals of one net. The total cost of a path
is the sum of the length cost and the bending cost. Let us take
a look at the routing path R in Fig. 6 as an example. At one
end, the metallic GNR forms a 150◦ bending with the semi-
conductive GNR. At the other end, the metallic GNR forms a
90◦ bending with another semiconductive GNR. The metallic
GNR has two bendings itself, one is 120◦ and the other is 60◦.
Finally, the length of the GNR is 9. Therefore, the total cost of
path T is

CR = 9wL + α150◦ + α90◦ + α120◦ + α60◦ (1)

The GNR routing problem is to find the path between two
given terminals on a triangular mesh such that the hybrid cost
is minimized. This minimum hybrid-cost path (MHCP) prob-
lem is very different from the traditional IC routing problem,
which is a minimum edge-cost path problem on rectangular
grid. Let us look at the two paths P and Q in Fig. 6. If we
use the traditional minimum edge-cost formulation, we would
prefer P over Q. However, Q is more favorable in our case
even though it is longer. The reason is that when the routing
length is shorter than the mean free path, the contribution of
length to the resistance is constant. So both paths would have
the same length cost. However, P has two 120◦ bends while
Q has only one 60◦ bend. Notice that α120◦ ≈ 3α60◦ , which
means P ’s bending cost is much larger than Q’s bending cost.
As a result, Q would be more favorable than P . This example
indicates that the MHCP problem is unique and that the stan-
dard routing algorithm, maze routing (or Dijkstra’s algorithm),
is not applicable to the problem. In the next section, we will
show how we solve this problem optimally.

IV. SOLVING THE MHCP PROBLEM

Suppose we are given a triangular mesh M and two termi-
nals S and T . We can construct a routing graphG if we regard
every intersection of six line segments as a node and the short
segments between nodes as edges in the mesh M . Each ter-
minal corresponds to a node in G and a path in G between
two nodes is a routing path between the corresponding termi-
nals. By assigning a cost wL to each edge, we can capture the
length cost (recall that wL is small when the distance between
the two terminals is shorter than the mean free path length and
large when the distance exceeds that). However, this model
does not capture the bending cost, as assigning costs to edges
or nodes cannot reflect the bendings.

To consider the bending cost, we expand each node inG into
6 nodes (see Fig. 7). The six edges incident to the original
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v

Fig. 7. Modeling the bending cost at a node by expanding the node into six
nodes, adding edges between the six nodes and assigning proper costs to the
added edges.

TABLE I
EDGE COSTS OF THE GRAPH IN FIG. 7

Edge Cost Edge Cost Edge Cost

AB α60◦ AC α120◦ AD 0

AE α120◦ AF α60◦ BC α60◦

BD α120◦ BE 0 BF α120◦

CD α60◦ CE α120◦ CF 0

DE α60◦ DF α120◦ EF α60◦

node in G are now incident to the six nodes respectively. We
then add edges between the six nodes. The cost of such an
edge depends on the angle of bending from one node to the
other. If there is no bending, then the cost of the edge is 0.
Table I concludes the costs of all the edges in Fig. 7.

If a node is a terminal of a GNRFET, then we add an ex-
tra node in the center in addition to the node expansion (see
Fig. 8). The center node now becomes the terminal node. In-
stead of connecting the six nodes, we connect the center node
to the six nodes. The cost of each edge corresponds to the
bending cost from the semiconducting GNR to the metallic
GNR at the terminal. Table II concludes the costs of all the
edges in Fig. 8.
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v

Fig. 8. For a terminal, we add a node in the center in addition to the node
expansion. Instead of connecting the six nodes, we connect the center node to
the six nodes using edges of proper costs.

TABLE II
EDGE COSTS OF THE GRAPH IN FIG. 8

Edge Cost Edge Cost Edge Cost

TA α90◦ TB α150◦ TC α150◦

TD α90◦ TE α30◦ TF α30◦
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Fig. 9. The routing on the mesh M (left) and the corresponding path in the
expanded graph G′ (right).
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Fig. 10. Even though the actual route in M (left) has a bending of 120
◦,

directly applying the shortest path algorithm will result in a route (dashed
route) with bending cost α60◦ in G′.

By doing the above graph expansion, we obtain an expanded
graph G′. It is easy to see that any path in M corresponds to
a path in G′ of the same cost. Fig. 9 illustrates two paths in
M and their corresponding paths inG′. The hybrid-cost of the
path in M is equal to the total edge-cost of the corresponding
path in G′. Unfortunately, the reverse is not true. Not ev-
ery path in G′ has a corresponding path in M with the same
cost. Let us look at Fig. 10. The solid path AC corresponds
to the 120◦ bending in M . Moreover, the cost of edge AC is
exactly α120◦ , which is consistent to the bending angle. How-
ever, the dashed path AFC does not have such consistency.
While the actual bending angle is 120◦ in the mesh, the total
edge cost of AFC is cAF + cFC = α60◦ + 0 = α60◦ which
is much smaller than α120◦ in our case. In fact, we cannot find
any corresponding path in the mesh M that has the same cost
as AFC. What is even worse is that if we directly apply the
shortest path algorithm on G′, the algorithm will choose route
AFC overAC becauseAFC has smaller cost. Eventually, the
result produced by the algorithm would not correspond to any
actual routing path inM with correct hybrid-cost.

Before we explain how we address the above issue, we
would like to introduce some definitions and denotations. If
a path inG′ has a corresponding path inM with the same cost,
we call it a feasible path. Otherwise, we call it an infeasible
path. (SoAC is feasible andAFC is infeasible.) We also color
the edges inG′ by two colors: the edges that correspond to the
segments in M are called mesh edges and are colored black

(they are also drawn as thick edges in Fig. 7 and Fig. 8); the
edges that are added when we expand the node (edges in Ta-
ble I and Table II) are called expanded edges and are colored
red (they are also drawn as thin edges in Fig. 7 and Fig. 8).
With the definitions above, we can define the cost of an edge e
in G′ more clearly:

{
ce = wL if e is black
ce defined by Table I or Table II if e is red

(2)

Given a graph with edges colored either red or black, we call
a path a red-black path if the edges along the path have alter-
nating colors. The following lemma describes the relationship
between feasible paths and red-black paths. By enumerating
the cases, one can show that the lemma is true.

Lemma 1. A path inG′ between two terminal nodes is feasible
iff the path is a red-black path.

Notice that both paths in Fig. 9 are red-black paths. There-
fore, they both have corresponding paths in the mesh with con-
sistent cost. In order to find the minimum hybrid-cost path in
the mesh, we need to solve the following shortest red-black
path problem:

Problem 1. Given a graphG′ with edges colored red or black,
find a red-black path between two specified nodes with the
minimum total edge cost along the path.

Obviously, directly applying Dijkstra’s algorithm would not
work for this problem. Here we propose an algorithm that
solves the shortest red-black path problem optimally. Our al-
gorithm is based on Dijkstra’s algorithm. The difference is that
whenever we update the distance value of a node X , we also
add a tag to X specifying whether the distance value is up-
dated through a black edge or a red edge. Then when we use
this node to update the distance of its neighbors, we check its
tag and update the neighbors through edges that are of the other
color. For the example in Fig. 10, when we update F ’s distance
value through edge AF , we make a tag on F indicating that it
is updated through a red edge. Then, when we use F to update
the distance value of C, we found that both edge FC and the
tag on F are red. We realize that updating the distance value of
C would cause an inconsistent bending cost. Therefore, we do
not update the distance value at C. The pseudo-code of our al-
gorithm is shown in Algorithm 1. Notice that commented lines
3, 11, and 15 are the differences between our algorithm and the
conventional Dijkstra’s algorithm. The time complexity of our
algorithm is the same as Dijkstra’s algorithm.

The following theorem falls out from the discussion above.

Theorem 1. Algorithm 1 correctly produces the shortest red-
black path between s and t in G′.

V. NEGOTIATED CONGESTION ROUTING SCHEME

The algorithm presented in the previous section routes only
a single net. In practical designs, we need to route multiple nets
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Algorithm 1 Shortest Red-Black Path Algorithm

Input: Graph G′ with red or black edges; two nodes s and t.
Output: The shortest red-black path between s and t in G′.

1: for all nodes v ∈ G′ do
2: v.dist ←∞, v.prev ← NULL
3: v.color ← NULL // different
4: end for
5: s.dist ← 0
6: Q← min-priority queue containing all nodes in G′

7: while Q �= ∅ do
8: u← the node in Q with minimum .dist
9: Q← Q \ u

10: for all edges (u, v) do
11: if (u, v).color �= u.color then // different
12: newdist ← u.dist + (u, v).cost
13: if newdist < v.dist then
14: v.dist ← newdist, v.prev ← u
15: v.color ← (u, v).color // different
16: end if
17: end if
18: end for
19: end while

together. In this section, we describe the negotiated congestion
based routing scheme we use to route multiple nets.

The negotiated congestion based routing scheme was first
proposed for FPGA routing [15] and then was adopted by var-
ious IC global routers [16–18]. Recently, Ma et al. [19] pro-
posed to use this routing scheme to solve planar routing prob-
lem and the experimental results look very promising. Because
graphene has a planar structure, the GNR routing must also be
planar. Therefore, we use the routing scheme in [19] to route
multiple GNR wires.

In this routing scheme, routability is achieved by forcing all
of the nets to negotiate for a resource and thereby determine
which net needs the resource most. Some nets may use shared
resources that are in high demand if all alternative routes uti-
lize resources in even higher demand. Other nets will tend to
spread out and use resources in lower demand. All of the nets
are iteratively rerouted until no more resources are shared.

In the negotiated congestion routing scheme, the actual cost
γe of an edge e ∈ G′ is a combination of the hybrid-cost of the
edge and the congestion cost of the edge:

γe = ce + hv × pv (3)

In the equation, ce is the edge cost defined by Eq. (2). hv and
pv describes the congestion cost. They are defined only on red
edges (they are 0 on black edges). Notice that all the red edges
are expanded from the nodes in the mesh. In Fig. 7 and Fig. 8,
the red edges all correspond to one node v in the mesh. hv
and pv are defined on that node and all the red edges that cor-
respond to node v share the same hv and pv cost. hv is the
history cost of v, and pv denotes the number of nets currently
passing v. Our router works as follows. Before the routing
starts, hv and pv are set to zero for all mesh nodes. In the initial
iteration, all of the nets are routed one by one using the short-

TABLE III
EXPERIMENTAL RESULTS

Test Grid Size #Net Routa- Wire #Bending Runtime
Case #R×#C bility Length 60◦ 120◦ (s)
ex1 40×30 10 100% 718 19 1 11.19
ex2 50×40 20 100% 1755 41 10 380.02
ex3 50×40 22 100% 1963 52 9 166.51
ex4 50×50 30 100% 2175 61 2 126.83
ex5 50×50 40 100% 3783 86 25 301.77
ex6 60×60 50 100% 4492 102 30 556.67

Fig. 11. The resultant routing of ex3.

est red-black path algorithm. Rip-up and reroute will then be
performed if congestion exists, i.e., if a mesh node is occupied
by more than one net. In each iteration of rip-up and reroute,
every net is rerouted, even if the net does not pass through a
congested area. In this way, nets passing through uncongested
areas can be diverted to make room for other nets in congested
regions. At the beginning of each rip-up and reroute iteration,
the history cost hv of every congested node v is incremented
by Δ, which is a user-defined parameter. The procedure termi-
nates when all of the routes are disjoint.

VI. EXPERIMENTAL RESULT

Based on the algorithm and the routing scheme presented
in the previous sections, we implemented a router for GNR
routing in C++. Since there are no existing data for GNR cir-
cuits, we built six test cases and used them to test our router.
The experiments were performed on a Linux system with a
2.0GHz CPU and 2GB memory. The results are shown in Ta-
ble III. We can observe that we have many more 60◦ bendings
than 120◦ bendings. This is because the cost of a 120◦ bend-
ing is 3 times the cost of a 60◦ bending in our settings (we
choose 3x according to the simulation results in [14]). Fig. 11,
which illustrates the results of ex3, also shows that 60◦ bend-
ing is more favarable than 120◦ bending. We can see that some
routes would rather use longer wire length and 60◦ bendings to
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avoid 120◦ turns. These observations indicate that our router
is capable of handling the hybrid cost of length and bendings.

VII. CONCLUSION

This paper is the first paper that studies the graphene
nanoribbon (GNR) routing problem. We formulated GNR
routing as a minimum hybrid-cost shortest path problem. The
underlying routing grid is a triangular mesh due to the proper-
ties of metallic GNRs. In order to model this hybrid-cost prob-
lem, we apply graph expansion on the triangular mesh and then
introduce a shortest red-black path problem. We also propose
an algorithm that optimally solves the shortest red-black path
problem and therefore optimally solves the minimum hybrid-
cost shortest path problem. We fitted our algorithm into a ne-
gotiated congestion based routing scheme and tested it by ex-
periment. The experimental results show that our routing algo-
rithm effectively solves the hybrid-cost routing problem.
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