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Abstract—Modern logic optimization tools tend to optimize
circuits in a balanced way so that all primary outputs (POs)
have the similar delay close to the cycle time. However, in reality,
certain POs will be exercised more frequently than the rest.
Among the critical POs, some may be stabilized very quickly
by input vectors, even if their topological delays from primary
inputs are very long. Knowing the dynamic behavior of a circuit
can help optimize the most commonly activated paths and help
engineers understand how resilient a PO is against dynamic
environmental variations such as voltage fluctuations. In this
paper, we describe a tool to analyze the dynamic behavior of a
digital circuit utilizing probabilistic information. The techniques
exploit the use of timed ternary decision diagrams (tTDD) to
encode stabilization conditions for POs. To compute probabilities
based on a tTDD, we propose false assignment pruning and
random variable compaction to preserve probability calculation
accuracy. To deal with the scalability issue, this paper proposes
a new circuit partitioning heuristic to reduce the inaccuracy
introduced by partitioning. Compared to the timed simulation
results, on average our tool has a mean absolute error of 1.7%
and a root mean square error of 3.9% for MCNC benchmarks
and a mean absolute error of 2.2% and a root mean square error
of 4.8% for ISCAS benchmarks. Compared to a state-of-the-art
dynamic behavior analysis tool, our tool is 15× faster on average
for MCNC benchmarks and 65× faster on average for ISCAS
benchmarks, and can also handle circuits that the previous tool
cannot. This dynamic behavior analyzer would enable fast and
effective circuit optimizations for better-than-worst-case design.
Index Terms—Better-than-worst-case (BTW) design, digital
circuit, dynamic behavior, probability, ternary decision diagram
(TDD).

I. Introduction and Motivation

T

RADITIONAL circuit design optimizes the static critical paths even when these paths are rarely exercised
dynamically. As a result, circuit optimization targets the worstcase conditions to guarantee error-free computation, but may
also lead to very pessimistic designs. Recently, there are
design techniques to achieve higher performance that overclock the chip to the point where timing errors occur, and
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Fig. 1.

Dynamic behavior curves of primary outputs.

then perform error correction either through circuit-level or
microarchitecture-level techniques. This approach in general
is referred to as Timing Speculation.
The idea behind timing speculation [also known as betterthan-worst-case (BTW) design] is based on the observation
that even if two primary outputs (POs) have the same static
critical path delay, their dynamic behaviors can be very
different. For example, in Fig. 1, two POs have the same
static critical path delay. But one PO (A) has large probability
Ps = 99% to be stabilized by primary inputs (PI) as early as t.
For the other PO (B), the probability of stabilization at time t
is only Ps = 53%. The difference in stabilization probabilities
makes B more dynamically critical than A because when the
circuit is over-clocked at t, B fails frequently while A may
still be able to produce the correct outputs 99% of the times.
Knowing such behavior is the key to optimize the circuits for
timing speculation.
Many previous works use Razor logic [1] or other error
correcting schemes to enable timing speculation [8], [9], [11],
[12]. The Blueshift work [9] utilized a commercial design
flow to optimize the dynamically critical nodes to achieve
higher throughput working with either Razor logic or errorchecking processor. In their work, the dynamic behavior
is collected through timed simulation, which is very timeconsuming. In [12], power-aware slack redistribution was
proposed to shift the slack of frequently exercised and nearcritical timing paths in a power efficient manner. It requires
knowledge of dynamic behavior not only of the whole circuit
but also of individual POs, which again was achieved through
simulation. To improve microprocessor performance and energy efficiency, Intel’s study [8] reduced the timing guard
band by using embedded error-detection sequential circuits
to tolerate dynamic variations. Their work explored path-
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activation probabilities across various workloads and chose
operating points based on the path-delay histogram and pathactivation probabilities. DynaTune [11] proposed an analytical
approach to compute the dynamic behavior curve of a circuit
using a timed characteristic function and BDD. The dynamic
behavior is captured in the form of a behavior curve, which is
similar to the error rate versus clock frequency curve used in
[8]. Fig. 1 shows an example of behavior curves. A behavior
curve is a curve with axes T and P, where T is the operating
clock period and P is the probability that the circuit (or a PO)
can produce correct results within T. By varying T, one can
plot all (T, P) pairs to get the behavior curve representing the
dynamic behavior of a circuit. Guided with this behavior curve,
DynaTune optimizes a circuit for higher throughput using dual
threshold voltage (Vt ) assignment. Understanding the dynamic
behavior of a circuit can help these BTW tools to optimize
dynamically critical paths. It can also be used to guide circuit
optimization for resilience to environmental variations, such as
voltage droop [8], by speeding up dynamically critical POs.
All of the works mentioned above require a mechanism to
characterize the dynamic behavior of individual gates, POs, or
the whole circuit. Unfortunately, most of the works achieved
this through netlist simulation, which is very time consuming.
The behavior curves derived by DynaTune give good accuracy
but they may not be able to handle large circuits because it
uses a global BDD to capture the behavior of the entire circuit.
To derive the dynamic behavior curve, we propose:
1) the use of a tTDD to represent stabilization conditions;
2) two tTDD-associated rules—(A) false assignment pruning and (B) random variable compaction—to calculate the
dynamic behavior curve of a partitioned subcircuit; and
3) a novel partitioning heuristic to produce subcircuits that
are suitable for tTDD calculation. To achieve high accuracy
during probability calculations, we take care of two types of
correlations that can contribute to inaccuracy: 1) a signal’s
temporal correlation; and 2) a circuit’s structural correlation.
The remainder of this paper is organized as follows.
Section II summarizes related works. Section III introduces
preliminaries. Section IV introduces encoding stabilization
conditions with tTDD. Section V shows the overall procedure
of computing stabilization probabilities. Section VI presents
two techniques to deal with temporal correlation introduced
by tTDD. Section VII presents a new partitioning heuristic to
minimize structural correlation. Section VIII presents experimental results and Section IX concludes this paper.
II. Related Works
In this paper, we propose a unique approach to evaluate
a circuit’s dynamic behavior using the concept of dynamic
curve. Such a new angle is particularly interesting for the
applications of timing speculation and the analysis of timing
error. To the best of our knowledge, very few quantified study
exists in this field for us to compare with. Nevertheless, there
are proposed ideas of different levels of similarity for solving a
variety of problems. To deal with timing properties associated
with logic cells, timed Boolean function [16] proposed a
systematical way to incorporate delay information with the
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logic functionalities. Hence, it can represent arbitrary digital
logic waveforms and Boolean functions with timing properties.
Timed characteristic function (TCF) used in [7] in fact is a
decedent of this family of techniques. In this paper, besides
incorporating timing properties in functionality, we also extend
the use of timing properties into decision diagrams and use
ternary decision diagram (TDD) to model the indeterministic
unstable status explicitly.
Besides the traditional BDD, different decision diagram
forms were proposed in the literature to represent various
forms of functions. As surveyed in [10], TDD was proposed
to explicitly express a function where each variable has three
decision outcomes. As a result, a TDD can have up to three
decision terminals. If more decision terminals are required,
algebraic decision diagrams (ADD) were proposed in [17]
to visualize such a decision process. As a tradeoff for this
flexibility, the size of ADD grows fast as the number of terminals increases. Multiple-value decision diagram (MDD) [18]
is the most generalized form to represent arbitrary decision
processes. To summarize, BDD is the most concise decision
diagram form for Boolean functions, and MDD is the most
general form that can be used as a container of any specialized
decision diagram forms. For example, TDD and ADD are
of specialized decision diagram forms. To concisely express
dynamic behavior, in this paper we choose to use tTDD for
behavior analysis.
Annotating decision edges with probability quantities was
used in [3] during calculating signal static probabilities to
derive transition density. In that work, the decision edges on
a decision path were treated as independent. A more general
form of edge annotation was proposed in [19] as edge-valued
decision diagrams. In this paper, besides annotating decision
edges, we also propose a complete set of rules to calculate
probabilities of decision paths considering correlations.
III. Preliminaries and Definitions
For convenience, we denote AT as arrival time, RAT as
required arrival time, PI as primary input, PO as primary
output, and Tclk as the clock period. In general, we use n
to represent the output of a node in a circuit or a PO.
If we observe the switching activities on an output n over a
large number of clock cycles in the duration of its operation,
we can find that in some clock cycles n is stabilized very
early, and in other clock cycles n is stabilized very late. This
is because some input vectors applied on the primary inputs
(PIs) are hard with respect to n, in that it takes more time to
compute. On the other hand, some input vectors are relatively
easy with respect to n. As shown in Fig. 1, the cumulative
distribution of n’s stabilization time can be quantified by
consolidating n’s scattered activities over its execution life into
a single “probabilistic cycle”—which captures the probabilistic
behavior of the output in a single clock cycle. The probability
of n being stabilized within a delay t is denoted as Ps (n,
t) and is reflected as a point on n’s behavior curve with an
x-coordinate equal to t.
Given that a dynamic behavior curve can be useful in
circuit optimization to achieve the goal of BTW design or
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dynamic variation resilience, we are interested in deriving the
dynamic behavior curve of a circuit quickly without going
through time-consuming simulation. Our problem of interest
can be described as: given 1) a circuit; 2) static probabilities
of PIs; and 3) a specified time point t, what is the stabilization
probability Ps (n, t) that a specified node n can be stabilized
within the delay t after applying input vectors to PIs according
to the static probabilities.
A. Definitions
We define the term Stabilization in a circuit as follows:
Definition 1: Given an output n and a timing requirement
t, we say n is Stabilized no later than t if n has taken either
logic 0 or logic 1 after a delay of t since applying the input
vectors at the rising clock edge, and n will not change its value
thereafter within the same clock cycle. n is Stabilized-to-1 at
t if it is stabilized no later than t and takes value of logic 1.
Similarly, n is Stabilized-to-0 at t if it is stabilized no later
than t and takes value of logic 0.
We use “n is stabilized no later than t” and “n is stabilized
at t” interchangeably.
B. Introducing Behavior Graph
A behavior curve captures a node n’s stabilization time
over its whole execution life into a single probabilistic cycle
with a cumulative distribution function Ps (n, t). To compute
Ps (n, t) without simulation, we want to do probabilistic
reasoning based on behaviors of n’s inputs. To achieve this, we
introduce an auxiliary random variable Xn (t) defined within
the probabilistic cycle with respect to node n and a temporal
term t.
Xn (t): a random variable used to model the status of n when
n is observed after a delay t since applying the input vectors
at the clock rising edge at time 0.
Xn (t) ∈ {0, 1, U}: observe n after a delay t, Xn (t) will be
in one of the three disjoint statuses {0, 1, U}.
1) Status 0: Xn (t) = 0 − n is stabilized-to-0 at t.
2) Status 1: Xn (t) = 1 − n is stabilized-to-1 at t.
3) Status U: Xn (t) = U − n is un-stable at t.
Definition 2: The timing tag of Xn (t) is the time point t of
interest at which we want to know the dynamic behavior of
node n.
Definition 3: The phase tag of Xn (t) is the status in the
set {0, 1, U} where node n can be at the time t. Moreover,
probabilities can be associated with these observed statuses.
1) Pr[Xn (t)= 0]: the probability of n being stabilized-to-0
at t.
2) Pr[Xn (t)= 1]: the probability of n being stabilized-to-1
at t.
3) Pr[Xn (t) = U]: the probability of n being un-stable at t.
From the random variable’s definition, we have
Pr[Xn (t) = 0] + Pr[Xn (t) = 1] + Pr[Xn (t) = U] = 100%. (1)
And the stabilization probability Ps (n, t) of interest is as
follows:
Ps (n, t) = Pr[Xn (t) = {0, 1}].

Fig. 2.

Behavior graph of a node n.

Meaning that the probability of n being stabilized at t is just
the probability that n is either stabilized-to-0 or stabilized-to-1
at t. And given that the statuses {0, 1, U} of Xn (t) are disjoint,
Ps (n, t) can be calculated as follows:
Ps (n, t) = Pr[Xn (t) = 0] + Pr[Xn (t) = 1].

(2)

To understand the dynamic behavior of a circuit, in this
paper, we introduce a new concept of behavior graph, which
consists of stabilized-to-0 curve and stabilized-to-1 curve.
As shown in Fig. 2, we can plot behavior curves for function
S0 (t) := Pr[Xn (t) = 0] by varying t to get stabilized-to0 curve (lower, curve going up). Similarly, we can plot curves
for function S1 (t) := 1 − Pr[Xn (t) = 1] by varying t to get
stabilized-to-0 curve (upper, curve going down). This pair of
behavior curves forms a behavior graph.
For example, if we observe n at time t = 1.3 ns in this
behavior graph, the probability of n being stabilized-to-1 is
Pr[Xn (1.3 ns) = 1] = 29%, and the probability of n being
stabilized-to-0 is Pr[Xn (1.3 ns) = 0] = 44%. With the behavior
graph, n’s stabilization probability Ps (n, t) can be calculated
with (2) as Ps (n, t) = 29% + 44% = 73%.
In a behavior graph, two behavior curves of n converge as
time goes toward n’s latest AT. The area between these two
curves is unstable range. This range represents the probability that n has not been stabilized. For example, in Fig. 2,
Pr[Xn (1.3 ns) = U] = 27%, meaning that the probability of n
switching after t is 27%. Note that if the given time point t is
less than n’s earliest AT, the computation of Ps (n, t) is trivial
in that Ps (n, t) = 0% and Pr[Xn (t) = U] = 100%. If t is larger
than n’s latest AT, it is also trivial in that Ps (n, t) = 100% and
Pr[Xn (t) = U]) = 0%.
Assuming we are given behavior graphs associated with a
subcircuit’s inputs, we can compute the stabilization probabilities of this subcircuit’s outputs. We will show in the
next section how to accomplish this with the help of timed
characteristic function and timed inputs.

IV. Encode Stabilization Conditions With tTDD
In this section, we will review the timed characteristic
function in Section IV-A. In Section IV-B, we first introduce
the concepts of timed input and timed support set and then
present how to use these to encode the stabilization conditions.
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A. Review of Timed Characteristic Function (TCF)
The TCF is originally used in ATPG to find a test pattern
that can sensitize an output at a given time. For convenience,
we adopt the earlier-timed TCF as proposed in [7]. Similar to
most previous work [7], [11], the TCF is defined in floating
mode where input vectors are applied at time t = 0, and before
time 0, the input vectors are treated as uninitialized.
Definition 4: A characteristic function CF (n = val) of a
logic cone rooted at n is a Boolean function that evaluates to
true for input vectors of this cone if and only if they stabilize
the output n to the specified value val, where val can be logic
0 or 1.
With an additional temporal term t as the RAT of n, we
have Definition 5.
Definition 5: A timed characteristic function T (n=val, t)
of a logic cone rooted at n is a Boolean function that evaluates
to true for the input vectors if and only if they stabilize an
output n to value val no later than time t.
Given the delay of a cell and the required time t, the TCF
of the cell output can be written recursively as TCF functions
of its immediate inputs using sensitization criteria [7], [11].
Take an AND gate “n = AND(a, b)” with cell delay d for
example. Given a required time t and the required logic value
{0, 1} that n should be stabilized to, the TCFs for n can be
written as follows:
T (n = 1, t) = T (a = 1, t − d) ∧ T (b = 1, t − d)

(3)

T (n = 0, t) = T (a = 0, t − d) ∨ T (b = 0, t − d).

(4)

The first formula states that to make n stabilized-to-1 no
later than t requires both inputs a and b being stabilized-to-1
at least d time units earlier, t − d, where d is the delay of
a timing path in the AND gate in nanosecond. The second
equation states that n can be stabilized-to-0 no later than t if
either input a or b has been stabilized-to-0 no later than (t−d).
Similarly, we can derive TCFs for OR and NOT. The TCFs
of complex cells can be written in the same manner by first
decomposing complex cells into AND/OR/NOT netlist.
B. Encode the Stabilization Conditions
To calculate the stabilization probability, we need a new
data structure to represent the stabilization conditions. First,
we introduce the concepts of timed input and timed support
set, which are used in our new data structure.
A timed input vi (t) of n is an ordinary input vi coupled
with a temporal term t reflecting the timing relation between
the input vi and the output n. The support set of n, denoted
as Sup(n), is the set of the inputs to the circuit rooted at n.
Furthermore, n’s timed support set, denoted as tSup(n, t), is the
set of all timed inputs {vi (t)} that n’s status at time t depends
on. The tSup(n, t) is determined by back-tracing the fan-in
cone of n.
Take the circuit in Fig. 3 for example. Assume we are
working on a subcircuit rooted at an output n after the whole
circuit has been partitioned. We have Sup(n) = {a, b}. Assume
we are interested in n’s dynamic behavior at time t. We know

Fig. 3.

Subcircuit example.

that n’s status at t is influenced by paths: “a → p → n” (with
path delay 3 ns), “b → p → n” (with path delay 3 ns), and
“b → n” (with path delay 1 ns). In other words, n’s status at
time t is totally determined by a’s status at t − 3, b’s status at
t − 3, and b’s status at t − 1. Therefore, tSup(n, t) = a(t − 3),
b(t −1), b(t −3)}. Note that the internal structure of the circuit
makes b in Sup(n) become multiple correlated timed inputs
{b(t − 1), b(t − 3)} in tSup(n, t).
For clarity, an unrealistic delay model is used in this
example by assuming each cell has a fixed delay regardless of
input pin and fanout load. However, in our experiments, we
use a more realistic pin-to-pin delay model by distinguishing:
1) each pin-to-output delay; 2) rise and fall delay; 3) cell’s
driving strength; 4) input transition time; and 5) cell’s fanout
load.
1) Stabilization Conditions for n: TCF enables us to understand n’s stabilization conditions at time t by enumerating all
sensitization conditions. This enumeration is done by recursive
TCF rewriting [7]. For example, if we are interested in what
makes n in Fig. 3 stabilized-to-1 at t, then we can recursively
write n’s TCF T (n = 1, t) through back-tracing n’s fan-in cone
T (n = 1, t) = T (p = 1, t − 1) ∨ T (b = 1, t − 1)
= (T (a = 1, t − 3) ∧ T (b = 0, t − 3)) ∨ (T (a = 0, t − 3)
∧ T (b = 1, t − 3)) ∨ T (b = 1, t − 1) = (a(t − 3) ∧ b (t − 3))
∧ (a (t − 3) ∧ b(t − 3)) ∨ b(t − 1).
The first and second derivative steps are by OR and XOR
sensitization criteria, respectively. The last derivation is based
on the fact that the TCF of a circuit input is just the timed
input itself.
Furthermore, we can evaluate the temporal term t in a TCF
to any desired value. For example, if we are interested in
output n’s dynamic behavior at 5 ns after the rising clock edge,
then we can substitute t with 5 ns to get an evaluated TCF
T (n = 1, 5 ns) = (a(2 ns)∧b (2 ns))∨(a (2 ns)∧b(2 ns))∨ b(4 ns).
The evaluated TCF compresses information of all feasible
input conditions that can stabilize n to logic 1 at 5 ns into a
single formula. For example, the above formula states that n
can be stabilized-to-1 by 5 ns if any of the following encoded
stabilization conditions is satisfied:
1) a(2 ns)∧ b (2 ns): a is stabilized-to-1 by 2 ns and b is
stabilized-to-0 by 2 ns;
2) a (2 ns)∧ b(2 ns): a is stabilized-to-0 by 2 ns and b is
stabilized-to-1 by 2 ns;
3) b(4 ns): b is stabilized-to-1 at 4 ns.
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Encoding stabilization conditions with tTDD.

Next, with the stabilization conditions we can build a decision diagram to facilitate the computation of the probability
that n can be stabilized-to-1 at t.
2) tTDD for Stabilization Conditions: In [11], the original
recursive TCF construction procedure is transformed into a
different form, in which the CF for each node in a circuit is
first constructed as a BDD. Then the sensitization criterion
is used to refine the CF. This transformation has the benefit
that the timing information is decoupled from the variables in
the BDD during construction so that an ordinary BDD can be
used for probability computation. However, this necessitates
the construction of a global BDD using circuit PIs as variables,
which may cause a scalability problem.
Moreover, another fundamental problem of using BDD is its
incapability of correctly modeling the “U” status. Each BDD
node has exactly two outgoing edges to explicitly model only
two possible assignment {0, 1} for a random variable Xv (t).
This ignores the effect of the “U” value of Xv (t) in (1). As
a result, it cannot correctly handle the unstable ranges of the
inputs of a subcircuit due to circuit partitioning. This problem
will be discussed in detail later in Section VI.
To solve above problems, we need a new data structure that
can work on partitioned subcircuits and can handle unstable
ranges. In fact, with the existence of the unstable range in
the behavior graph the stabilization status of each timed input
vi (t) needs to be modeled in a three-value system. Hence, we
introduce timed ternary decision diagram (tTDD) as a solution.
A TDD is similar to BDD with the difference that each
node has three possible outgoing branches [10]. Thanks to the
TDD’s similarity to BDD, a TDD can be built in an almost
identical way as building a BDD. The difference between a
tTDD and an ordinary TDD is that each decision node in a
tTDD has a temporal term associated with it. The tTDD for the
example circuit in Fig. 3 is shown in Fig. 4. In this tTDD, the
temporal term t is kept as a variable without being evaluated.
Each node in the tTDD is associated with a timed input v(t)
marked on the left side. For example, V0 is associated with
timed input a(t−3). Given that a tTDD is a three-value system,
the stabilization condition of a certain input being unstabilized
can now be explicitly modeled with the introduction of the “U”
edge.

With this enhanced tTDD model of the stabilization conditions, we can now calculate the probability Pr[Xn (t) = 1]
by collecting the probabilities of all stabilization conditions.
Note that the probability of n having been stabilized-to-0 at
time t can be calculated in the same manner starting with
constructing a TCF of n with required stabilization value 0,
that is T (n = 0, t). We can further distinguish tTDD of n
stabilized-to-0/1 as tTDD-0/1. Finally, according to (2), the
stabilization probability Ps (n, t) is simply the sum of these two
probabilities calculated on tTDD-0 and tTDD-1. Therefore, the
behavior graph of n can be plotted by evaluating the variable t
at different timing points. Notice that all rules we will discuss
later apply on both tTDD-0 and tTDD-1 in the same way, so
for conciseness we will refer to tTDD-1 as tTDD for short if
it will not introduce confusion.

V. Stabilization Probability Calculation
To find a stabilization condition that makes n stabilizedto-1 at a given time t is equivalent to solving a three-value
satisfying assignment problem: we need to find a feasible
combination of stabilization status for the timed support set
that can evaluate the right-hand side of the TCF formula to
true.
The possible statuses a timed input can take are: {stabilizedto-0, stabilized-to-1, un-stabilized}. This exactly corresponds
to the three statuses of our auxiliary random variable Xv (t),
as defined in Section III. The physical meaning between the
tTDD and the auxiliary random variable Xv (t) can be viewed
as follows: each tTDD node is associated with a timed input
v(t) and has three out-going edges {0, 1, U} to reflect the three
possible stabilization statuses of its associated input v at time t.
The 0-edge taken from this node is equivalent to having input
v at “Xv (t) = 0” status, meaning v is stabilized-to-0 at t.
Similarly, 1-edge corresponds to “Xv (t) = 1” and U-edge
corresponds to “Xv (t) = U.”
From the TCF, we know that the stabilization status of
a circuit output depends on the stabilization statuses of the
circuit’s inputs. Let us assume v is an input of a circuit rooted
at n. Assume that due to existence of multiple timing paths
from v to n, v becomes two timed inputs v(t1 ) and v(t2 ) in n’s
tTDD. As a result, n’s stabilization status at a clock cycle c
depends on stabilization statues of v at both times t1 and t2
in the same clock cycle. We need to point out in this clock
cycle c, the stabilization statuses of v(t1 ) and v(t2 ) are highly
correlated so that we need to take special care about such
temporal correlations.
To facilitate the explanation of tTDD theories, we consolidate what are implied by the definitions of stabilization in
Section III into mathematic forms as Lemma 1.
Lemma 1:
Pr[Xv (t1 ) = 1 ∩ Xv (t2 ) = Val2 ] = 0, if t2 ≥ t1 and Val2 ∈ {0, U}
Pr[Xv (t1 ) = 0 ∩ Xv (t2 ) = Val2 ] = 0, if t2 ≥ t1 and Val2 ∈ {1, U}.
Proof: If we observe that v has been stabilized to a
specific value at time t1 , “Xv (t1 ) = 1/0” then: 1) v will not
switch to a different value in the same cycle c at a later time t2 ,
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“Xv (t2 ) = 0/1;” and 2) it is also impossible to observe that v is
still unstable, “Xv (t2 ) = U,” at a later time t2 ≥ t1 in the same
cycle c. Note that this lemma holds even for t1 = t2 because
of the fact that {0, 1, U} are inherently disjoint statuses of
Xv (t).
Using a decision diagram to represent a TCF facilitates
probability calculation in that a satisfying assignment of the
TCF is equivalent to a connected path from the root node to
the true terminal. In the context of stabilization analysis, each
stabilization condition simply corresponds to a path from the
tTDD’s root node to the true terminal.
Definition 6: A satisfying path j in a tTDD is a path from
root node to the true terminal, where j is the path ID. On
a satisfying path j , the branch taken on each node is its
satisfying assignment of stabilization statues, e.g., {0, 1, U},
for the corresponding timed input.
For example, for the circuit in Fig. 3, we know how
to stabilize n to 1 at t, one stabilization condition is “a
is stabilized-to-1 at t − 3 ns” and “b is stabilized-to-0 at
t − 3 ns.” This condition is represented as a satisfying path
“V0→V1→T” in Fig. 4. This can also be represented equivalently
by auxiliary random
variables as “Xa (t − 3 ns) = 1


Xb (t − 3 ns) = 0” ( indicates the joint probability of the
two random variables). The associated satisfying assignment
is [Xa (t − 3 ns), Xb (t − 3 ns)] = [1, 0] because one 1edge and one 0-edge are taken. “V0→V3→T” is another
satisfying path with its satisfying assignment [Xa (t − 3 ns),
Xb (t − 1 ns)] = [U, 1]. We need to point out that the satisfying paths only exist in a tTDD to encode stabilization
conditions and do not reflect any physical paths in the
circuit.
The probability of one satisfying path j is the joint
probability of satisfying assignment associated with j
L


Pr[j ] = Pr
(Xvi (ti ) = Vali )
(5)
i=0

where L is the length of the path j and (Xvi (ti ) = Vali ) is
the assignment to each random variable along this satisfying
path.
With all stabilization-to-1 conditions being encoded in the
tTDD-1 data structure, the probability (Pr[Xn (t) = 1]) of
stabilizing n to 1 no later than t is just the collection of
probabilities of all possible stabilization conditions
⎤
⎡
S

Pr[Xn (t) = 1] = Pr ⎣ j ⎦
(6)
j=0

where j is a satisfying path in n’s tTDD-1, S is the total
number of satisfying paths.
Next, we show that the above probability can simply be
computed as the sum of probability of every distinct satisfying
path.
Theorem 1: The probability of all satisfying paths in a
tTDD is the sum of each satisfying path’s probability
⎡
⎤
S
S

⎣
⎦
Pr
j =
Pr j .
j=0

j=0
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Proof: We prove this by showing that any two satisfying
paths in the tTDD are probabilistically disjointed.
In a tTDD, for any two different paths i and j , i = j,
they must have at least one node shared. Otherwise, if they
do not share nodes at all, then the tTDD must have at least
two root nodes, which contradicts the fact that a tTDD has
only one root node. Second, among all their shared nodes
there must be at least one shared node, from which i and
j take different branching edges. Otherwise, if i and j
take the same branching edge for every shared node, then it is
not difficult to see that this will lead to the conclusion that i
and j are identical, which contradicts our assumption that
i and j are different paths.
Let us denote a particular shared node in the tTDD as G, and
denote the timed input associated with G as g(t). From node
G, i and j take two different branching edges Val1 and
Val2 , respectively. For i , the satisfying assignment at node
G is Xg (t) = Val1 ; while for j the satisfying assignment
at node G is Xg (t) = Val2 . The joint probability of these two
satisfying paths is as follows, and we can write it conditionally
on the stabilization status of G
 Li
  Lj

  
 

Pr i

j

= Pr

(Xvi (ti ) = Vali )

(Xvj (tj ) = Valj )

i=0

j=0


= Pr

Xg (t) = Val1




Xg (t) = Val2

∗

⎫
⎡⎧
Lj
Li
⎨ 
⎬
 
Pr ⎣
(Xvi (ti ) = Vali )) (
(Xvj (tj ) = Valj ) |
⎩
⎭
i=0;vi=g

{(Xg (t) = Val1 )

j=0;vj =g




(Xg (t) = Val2 )} .

Since Val1 and Val2 are different statuses, one of them must
not be U status. Then from Lemma 1, we know



Pr Xg (t) = Val1
Xg (t) = Val2 = 0.
Then the joint probability of two distinct satisfying paths is
zero.

VI. Probability of One Satisfying Path
In this section, we show how to compute the probability
of an individual satisfying path. This is done with two steps:
1) evaluate tTDD at a given t and annotate the evaluated tTDD
with probabilities; and 2) calculate the probability honoring the
temporal correlation due to the use of timed inputs.
A. Annotate a tTDD With Probabilities
Before we start to calculate the probability of a satisfying
path, we need to: 1) evaluate the tTDD at a specified t to get an
evaluated tTDD; and then 2) annotate the probabilities onto the
edges of this evaluated tTDD by looking up the corresponding
probabilities from the inputs’ behavior graphs.
The tTDD we construct so far is a generic tTDD with a
variable t. We can substitute t with a specified timing term.
For example, in the subcircuit in Fig. 3, if we are interested in
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Fig. 6. Annotate a generic tTDD with probabilities. (a) Generic tTDD
representing the sensitization conditions for an output n at time t. (b) tTDD
evaluated at t = 5 ns and with stabilization probabilities annotated.
Fig. 5. Dynamic graphs of a partitioned subcircuit’s inputs. (a) Input a’s
behavior graph. (b) Input b’s behavior graph.

n’s dynamic behavior at t = 5 ns then we evaluate the tTDD
at t = 5 ns by substituting all t terms with 5 ns. As a result,
a(t −3) becomes a(2 ns), b(t −3) becomes b(2 ns) and b(t −1)
becomes b(4 ns). Apparently, n’s status at t = 5 ns depends
exactly on a’s status at 2 ns and b’s statuses at 2 ns and 4 ns.
Moreover, because we model the stabilization status of each
timed input v(t) with a random variable Xv (t), and a random
variable has a value and an associated probability, we need
to annotate probabilities onto the tTDD after it is evaluated.
This is done by assigning the corresponding probabilities
onto each node’s outgoing edges as edge weights. We use an
automatic procedure to look up and annotate a tTDD with the
corresponding probabilities from the inputs’ behavior graphs
that are already computed in a topological order.
For instance, assume we have the behavior graphs for the
subcircuit inputs {a, b} specified as Fig. 5(a) and (b), respectively. For a(2 ns), we extract the probabilities for a being
stabilized-to-0/1 at time point 2 ns from a’s behavior graph.
Similarly, for b(2 ns) and b(4 ns), we extract probabilities for
b at time points 2 ns and 4 ns from b’s behavior graph. We then
annotate the extracted probabilities onto the evaluated tTDD
as the edge weights. The tTDDs before and after evaluation
and annotation are shown in Fig. 6(a) and (b), respectively.
One advantage of this approach is that the structure of
the generic tTDD is fixed and can be reused for evaluation
and annotation for different t. For example, Fig. 7(b) shows
another evaluation and annotation of the same tTDD with
t = 3 ns with only the edge weights changed, while the
decision diagram structure is intact. In contrast, the approach
used in [11] requires a unique decision diagram constructed
for each different time point t.
B. Why Not tBDD
As mentioned before, BDD has trouble to model correctly
the “U” status defined in Section III. This problem is illustrated
in Fig. 7. On the left side is a decision diagram modeled
with tBDD, while on the right is the proposed decision
diagram modeled with tTDD. Assume we want to know n’s
stabilization-to-1 probability at t = 3 ns. Then we evaluate

Fig. 7. tTDD models the stabilization conditions accurately with the “U”
edges. (a) tBDD evaluated at t = 3 ns and with stabilization probabilities
annotated. (b) tTDD evaluated at t = 3 ns and with stabilization probabilities
annotated.

both tBDD and tTDD with t = 3 ns and annotate the edges
with probabilities extracted from a(0 ns), b(0 ns), and b(2 ns)
from Fig. 5.
The resulting tBDD is shown in Fig. 7(a), in which both
zero and one-edge of the tBDD from V0 are annotated with 0%
because that a has not been stabilized at all at t = 0 ns. Though
this annotation is correct, it produces a big problem when
we attempt to calculate the probability out of the decision
diagram. That is because V0 is the root of the decision
diagram, all satisfying paths have to go through either its one
edge or zero edge, resulting in an incorrect zero probability
of n being stabilized-to-1 at t = 3 ns.
On the other hand, from the circuit structure in Fig. 3, we
know that even if a is not stabilized at all (the “U” status), n
can still be stabilized-to-1 as long as input b can be stabilized
to logic 1. In fact, as long as it is possible to stabilize b to 1
at t = 2 ns, the output n is guaranteed to be stabilized to 1.
Hence, the probability of stabilizing n at t = 3 ns is nonzero.
This discrepancy points out the limitation of tBDD because the
stabilization condition may be incorrectly modeled, due to its
incapability of modeling the “U” status. In contrast, tTDD does
not have this drawback. For example, the resulting tTDD after
annotation is shown in Fig. 7(b), in which an auxiliary “U”
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edge exists between V0 and V3 with an annotated probability
of 100%. Together with the one-edge from V3 to the true
terminal, the stabilization condition that tBDD fails to model
is now modeled as “V0→V3→T” with a “U” edge connecting
from V0 to V3. The probability of stabilizing n to logic
1 may be calculated as 100%*5% = 5%, that is exactly
the probability of b itself being stabilized-to-1 at t = 2 ns.
Hence, by introducing the “U” edge, tTDD can correctly
model the stabilization conditions that implicitly contain the
“U” status.
As shown in the above example, representing “U” implicitly
in BDD can cause the decision paths in the decision diagrams probabilistically correlated. This is because that “1”
is no longer the complement of “0” with the introduction
of “U” status in the dynamic behavior analysis. Therefore,
calculation of joint probability of those correlated decision
paths is complicated when “U” is implicit. On the other hand,
using the proposed tTDD, we show in Theorem 1 that the
correlation among decision paths is eliminated. Representing
“U” explicitly, as shown in the following section, enables the
probability calculation to be simplified significantly.
C. Solving the Temporal Correlation Problem
With the probability-annotated tTDD, we can calculate the
probability of each satisfying path. To calculate it accurately,
we have to take care of the temporal correlation along the
satisfying path. Temporal correlation is introduced by those
inputs that have multiple timing paths leading to the output n.
To motivate why we need to treat it carefully, let us first take
a look at the example circuit in Fig. 3. We use the annotated
tTDD-1 at t = 5 ns [Fig. 6(b)] as an example to explain
the theorems in this section. One satisfying path is along
“V0→V2→V3→T,” with V2 to V3 through the 0-edge. The
corresponding satisfying assignment to [Xa (2 ns), Xb (2 ns),
Xb (4 ns)] is [0, 0, 1]. However, careful analysis shows that
this is in fact an impossible assignment. This is because after
we have “Xb (2 ns) = 0,” meaning b has been stabilized-to-0
at 2 ns, we cannot have b flip again and be stabilized-to-1 at
t = 4 ns in the same clock cycle, that is “Xb (4 ns) = 1.” We
call such a physically impossible satisfying assignment a false
assignment. To avoid the potential miscalculation of probability due to the existence of false assignments, we introduce the
technique false assignment pruning, which eliminates the false
assignments in a tTDD from probability calculation.
1) False Assignment Pruning: Given a satisfying assignment along the satisfying path j contained in the
tTDD, denoted as [Xv1 (t1 ), Xv2 (t2 ), . . . Xvm (tm )] =
[Val1 , Val2 , . . . , Valm ], we want to decide whether it is a
false assignment. Since the temporal correlation is due to the
existence of multiple timing paths to the output from the same
input, we can first group random variables according to inputs,
that correspond to the subscripts of Xvi (ti )’s. Collecting all
Xvi (ti )’s according to their subscripts (i.e., the same input) is
called grouping of random variables. We apply the grouping
operation to have random variables corresponding to the same
input grouped together into an input status group. Such a
group reflects the input stabilization status required for the
same input. Recall the concepts of phase tag and timing tag
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in Section III-B. We prune false assignment by analyzing the
phase and timing tag relations among Xvi (ti )’s in each input
status group. We have Theorem 2.
Theorem 2: Within an input status group, if any of the following conflicting conditions are detected, the entire satisfying
assignment is declared as a false assignment.
1) Xvi (t1 ) = 1 ∩ Xvi (t2 ) = 0.
2) Xvi (t1 ) = 1 ∩ Xvi (t2 ) = U, with t1 ≤ t2 .
3) Xvi (t1 ) = 0 ∩ Xvi (t2 ) = U, with t1 ≤ t2 .
Proof: Without loss of generality, we assume t1 ≤ t2 for
condition 1. For t1 > t2 , we can just reverse t1 and t2 . Then
the above three conflicting conditions can only occur with a
probability of zero as stated in Lemma 1.
1) Pr[Xvi (t1 ) = 1 ∩ Xvi (t2 ) = 0] = 0, if t1 ≤ t2 .
2) Pr[Xvi (t1 ) = 1 ∩ Xvi (t2 ) = U] = 0, if t1 ≤ t2 .
3) Pr[Xvi (t1 ) = 0 ∩ Xvi (t2 ) = U] = 0, if t1 ≤ t2 .
Therefore, if any of the above conflicting conditions is observed in an input status group, the corresponding assignment
results in zero probability.
Moreover, we show in Section VI-D that the above conditions are sufficient to cover all possible false assignments.
Now consider the false assignment example mentioned in
the beginning of this subsection. The grouping operation
results in two input status groups: a group associated with
a, that is “[Xa (2 ns)] = [0]” and a group associated with b,
that is “[Xb (2 ns), Xb (4 ns)] = [0, 1].” Checking conflicting
rules for each group, we find group [Xb (2 ns), Xb (4 ns)] hits
the first conflicting condition. Then the whole assignment is
declared as a false assignment and is excluded.
After pruning away false assignments, we can calculate the
probabilities of the remaining true satisfying assignments.
2) Random Variable Compaction in a Group: After the
false paths are pruned, we need to calculate the probability
Pr[j ] of each remaining satisfying path and then sum them
up. This section provides a way to calculate an individual
Pr[j ]. The overall procedure is as follows. We first apply
grouping. We then work internally in each input status group
and calculate the probability of each such group with a
technique called random variable compaction consisting of
two steps: unifying the timing tags and unifying the phase
tags. Then we work externally on all groups in j to calculate
Pr[j ]. We introduce details next.
Within each group, there can be multiple random variables
with different timing tags and phase tags. To calculate the
probabilities of each input status group, we need first to unify
the timing tags by applying the following rules.
a) Unify the timing tags in a group: For each phase tag,
if there are multiple random variables with different timing
tags in the group, we compact them into a single random
variable with a unified timing tag according to Theorem 3.
Theorem 3:
1) Pr[Xvi (t 1 ) = 1 ∩ Xvi (t2 ) = 1 . . . ∩ Xvi (tm ) = 1] =
Pr[Xvi (min(t1 , t2 , . . . , tm )) = 1].
2) Pr[Xvi (t 1 ) = 0 ∩ Xvi (t2 ) = 0 . . . ∩ Xvi (tm ) = 0] =
Pr[Xvi (min(t1 , t2 , . . . , tm )) = 0].
3) Pr[Xvi (t 1 ) = U ∩ Xvi (t2 ) = U . . . ∩ Xvi (tm ) = U] =
Pr[Xvi (max(t1 , t2 , . . . , tm )) = U].
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Proof: We first prove 3.1 and 3.2 can be proven similarly.
Assume the timing tags are ordered s.t. t1 ≤ t2 ≤ . . . ≤ tm ,
then we can write it conditionally as follows:
Pr[Xvi (t1 ) = 1 ∩ Xvi (t2 ) = 1 . . . ∩ Xvi (tm ) = 1]
= Pr[Xvi (t2 ) = 1 . . . ∩ Xvi (tm ) = 1|Xvi (t1 ) = 1]
∗Pr[Xvi (t1 ) = 1] = 1 ∗ Pr[Xvi (t1 ) = 1].
The last step is by definition: if vi is stabilized-to-1 at
t1 , then it will not switch and is still stabilized-to-1 later at
t2 , t3 , . . . , tm in the same clock cycle.
To prove 3.3, we have
Pr[Xvi (t1 ) = U ∩ Xvi (t2 ) = U . . . ∩ Xvi (tm ) = U]
= Pr[Xvi (t1 ) = U . . . ∩ Xvi (tm−1 )=U|Xvi (tm )=U]
∗Pr[Xvi (tm ) = U] = 1 ∗ Pr[Xvi (tm ) = U].
The last step is because: if vi is still un-stable at tm , then
it must be un-stable at t1 , t2 , . . . , tm−1 in the same clock
cycle.
Note that after this step, it is guaranteed that for any phase
tag, there is at most one random variable associated with it in
a group.
For example in Fig. 6(b), one satisfying path is
“V0 → V1 → V3 → T ,” with V1 going to V3 through
the 1-edge. The corresponding satisfying assignment is
“[Xa (2 ns), Xb (2 ns), Xb (4 ns)] = [1, 1, 1].” After grouping,
input b’s status group is “[Xb (2 ns), Xb (4 ns)] = [1, 1].”
According to Theorem 3.1
Pr[Xb (2 ns) = 1 ∩ Xb (4 ns) = 1]
= Pr[Xb (min(2 ns, 4 ns)) = 1]
= Pr[Xb (2 ns) = 1] = 5%.
b) Unify the phase tags in a group: If any group still has
more than one random variable, then we compact the random
variables with different phase tags into a closed form according
to Theorem 4.
Theorem 4:
1) Pr[Xvi (t1 ) = U ∩ Xvi (t2 )=1]=Pr[Xvi (t2 ) = 1] − Pr[Xvi (t1 )
= 1], if t1 < t2 .
2) Pr[Xvi (t1 ) = U ∩ Xvi (t2 ) = 0]=Pr[Xvi (t2 ) = 0]
−Pr[Xvi (t1 )=0], if t1 < t2 .
Proof: We prove 4.1 first. For t1 < t2 , we can have
Pr[Xvi (t2 ) = 1 ∩ Xvi (t1 ) = U]
= Pr[Xvi (t2 ) = 1] − Pr[Xvi (t2 ) = 1 ∩ Xvi (t1 ) = 0]
−Pr[Xvi (t2 ) = 1 ∩ Xvi (t1 ) = 1]
= Pr[Xvi (t2 )=1]−0−Pr[Xvi (t2 )=1 ∩ Xvi (t1 )=1] (Lemma 1)
= Pr[Xvi (t2 ) = 1] − Pr[Xvi (t1 ) = 1] (Theorem 3.1).
Point 4.2 can be proven in a similar way by interchanging
“0” and “1” in the above proof.
For example in Fig. 6(b), one satisfying path is
“V0 → V2 → V3 → T,” with V2 to V3 through
the U-edge. The corresponding satisfying assignment is
“[Xa (2 ns), Xb (2 ns), Xb (4 ns)] = [0, U, 1].” After grouping,

TABLE I
Possible Combinations of Random Variables in an Input
Status Group

0
–
•
•
•

Phases
1
U
•
•
–
•
•
–
•
•

t1<t2
Theorem 2.2
Theorem 2.3
Theorem 2.1
Theorem 2.1

Timing
t1 = t2
Theorem 2.2
Theorem 2.3
Theorem 2.1
Theorem 2.1

t1>t2
Theorem 4.1
Theorem 4.2
Theorem 2.1
Theorem 2.1

input b’s status group is “[Xb (2 ns), Xb (4 ns)] = [U, 1].”
According to Theorem 4.1
Pr[Xb (2 ns) = U ∩ Xb (4 ns) = 1]
=Pr[Xb (4 ns)=1] − Pr[Xb (2 ns)=1]=50% − 5% = 45%.
D. Put It Together to Get Pr[i ]
We can verify that Theorems 2, 3, and 4 capture all possible
combinations of the random variables that can exist along a
satisfying path. After grouping, Theorem 3 unifies different
timing tags for each phase tag in each group. After this, a
group has no more than three random variables with each
having a distinct phase tag. If only one random variable exists
in a group, no special processing is needed. If two random
variables co-exist in a group, all their possible phase and timing combinations are covered and processed according to rows
3–5 of Table I. If all three phases still co-exist in a group, row 6
of Table I is applied to prune away this false assignment (based
on Theorem 2.1). This verifies that computing probabilities
according to Theorems 2, 3, and 4 is sufficient because they
cover all possible timing/phase tag combinations.
Now, we show a complete example of applying the above
theorems on a tTDD shown in Fig. 6. In the tTDD, there are
four decision diagram nodes, denoted as V0, V1, V2, and V3.
These nodes are listed in the first row in Table II. From each
node, there are three possible outgoing edges, e.g., 0-edge, 1edge, and U-edge. These possible choices are modeled as a
random variable Xv (t) and the three outgoing edges are associated with a random variable’s three phases, e.g., 0, 1, and U.
These random variables and their phases are listed just below
the nodes. In this tTDD, there are seven different satisfying
assignments. We list all of them and label them from 1 to 7
in the table. For each satisfying assignment, starting from the
root node, we trace how it reaches the true terminal and mark
the edges it takes along the path. As shown in the table, each
row of the satisfying assignment contains several dots meaning
the associated edges taken to form the satisfying assignment.
Then we group the random variables Xv (t) according to
their subscripts. As a result, {Xa (2 ns)} itself is a group and
{Xb (2 ns), Xb (2 ns), Xb (4 ns)} associated with V1, V2, and V3
form another group.
Next, for each random variable group, we check against
the false assignment rules and prune away those rows that
contain false assignment. In this example, assignment number
5 is detected as a false assignment against Theorem 2 and is
removed from probability calculation.
With all the remaining satisfying assignments, we apply
random variable compaction based on Theorems 3 and 4
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TABLE II
Complete Example of How to Use False Assignment Pruning
and Random Variable Compaction for the Example tTDD
V0
V1
V2
V3
Thm 2 Thm 3 Thm 4
# Xa (2 ns) Xb (2 ns) Xb (2 ns) Xb (4 ns)
0 1 U 0 1 U 0 1 U 0 1 U
1
•
•
2
•
•
•
X
3
•
•
X
•
4 •
•
5 •
•
•
X
6
•
•
X
7
•
•

to each random variable group as discussed in detail in
Section VI-C to deduce the joint probability of each random
variable group into an easily solvable form. During random
variable compaction, the affected terms are shadowed and the
appropriate theorems used on them are checked on the right
side as shown in Table II.
After random variable compaction, the probability of each
group is represented in a closed form and can be evaluated
to a real number. The joint probability of different groups
can then be expressed as the product of the probability of
each individual group, similar to most previous work [3]–[6].
To maintain good accuracy, the inputs associated with each
group need to be kept as independent as possible. This is
accomplished by our circuit partitioning algorithm.
VII. Circuit Partitioning
The goal of circuit partitioning is to deal with size explosion
issue related to using decision diagrams. Given that the worst
case complexity of a TDD is of O(3n /n) [10], we want to
limit the size of the TDD constructed from the partitioned
subcircuit. Meanwhile, the partitioning algorithm should also
produce subcircuits that are minimally affected by the structural correlation introduced by reconvergent nets in the circuit.
A. Partitioning Preliminary
Definition 7: A K-feasible fan-in cone of a node n is a
subcircuit rooted at n with a timed support set of cardinality
no more than K.
In other words, a K-feasible fan-in cone of n has at most K
timing paths from the inputs to the output n. As an example,
we know the fan-in cone of n4 in Fig. 8(a) before partitioning
is 6-feasible but not 5-feasible: tSup(n4, t) = {a(t −3), b(t −4),
c(t − 4), b(t − 3), c(t − 3), d(t − 2)} with a cardinality of 6. For
a non-K-feasible fan-in cone, cut points need to be chosen to
make it K-feasible.
Definition 8: An internal node m in the fan-in cone rooted
at n dominates a timed input v(t) in n’s timed support set
if the timing paths associated with v(t) go through m to
reach n.
Definition 9: The dominator factor D(m) of an internal
node m with respect to the output n is the total number of
timed inputs that are dominated by m.
These definitions are directly extended from the concept of
a graph dominator. In Fig. 8(a) with respect to the output n4,
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n1 dominates {b(t − 4), c(t − 4), b(t − 3), c(t − 3)}; therefore,
D(n1) = 4. And n2 dominates {a(t − 3), b(t − 4), c(t − 4)}.
Thus, D(n2) = 3.
Definition 10: A timed input v(t) Leaks from m in the fanin cone rooted at n if m dominates some v(t  ) with t  = t but
does not dominate v(t).
In Fig. 8(a), timed variable b(t − 4) is dominated by n2
because the only timing path associated with it goes through
n2, as shown with a solid path from b to n4. Similarly,
c(t − 4) is also dominated by n2. On the other hand, {b(t − 3),
c(t − 3)} leak from n2 because the timing paths associated
with them do not go through n2, shown with the dashed
path.
Definition 11: The leaking factor L(m) of an internal node
m with respect to the output n is the total number of timed
inputs that leak from m.
For example, no timed input leaks from n1 and two leaks
from n2. So L(n1) = 0 and L(n2) = 2.
Leak corresponds to reconvergent net that introduces undesirable structural correlation for probability calculation. Therefore, in our partition we prefer no leaking or a small leaking
factor if possible.
B. Calculate the Dominator and Leaking Factors
The dominate factor and leaking factor can be calculated
based on depth-first-search (DFS). First, let the node n under
consideration inherit its immediate predecessor’s K-feasible
fan-in cones. By merging its predecessors’ K-feasible fanin cones, we form a temporary fan-in cone, called influential
cone, for n. To calculate a node m (a node in n’s influential
cone)’s dominator and leaking factors with respect to cone
root n, that is D(m) and L(m), we can back trace n’s fanin cone with DFS and limit the search within its influential
cone and stop back tracing at the influential cone’s boundary.
When a boundary node is reached, we add one instance of
such boundary node in a list R. Node that if this boundary
node is already included in R, we add it one more time.
Moreover, if the boundary node is reached through a back
tracing path NOT via node m, we also put it into a list Q so
that both R and Q have an instance of it. By using list instead
of set for R and Q, we purposefully allow duplicated instances
exist in the same list. After the DFS search is finished, we
set D = (R − Q) by removing the instances appearing in Q
from R. Then D(m) = |R − Q| and leaking factor L(m) =
|Q ∩ D|.
We show this procedure using the example in Fig. 8(a). The
influential cone of n4 is bounded by {a, b, c, d}. To calculate
D(n2) and L(n2) with respect to node n4, we backtrace from
n4 until reaching the boundary of the influential cone. We
will have R = (a, b, c, b, c, d) and Q = (b, c, d). We then
get D = (R − Q) = (a, b, c), then D(n2) = |D| = 3 and
L(n2) = |Q ∩ D| = |(b, c)| = 2.
C. Partitioning Cost Function
Our partitioning algorithm searches for potential cut points
to all nodes in n’s current influential cone and assigns a cost
to each potential cut point m according to
Cost(m) = eα ln(L(m)+0.001)+β ln(F (m))−γ ln(D(m))
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Fig. 9.

Illustration example of partitioning procedure.
TABLE III
Partitioning Procedure Sequence (k = 5)

Node Inherit
Fig. 8. Partitioning example of a small circuit. (a) Partitioning at n2.
(b) Partitioning at n1.

where D(m) and L(m) are the dominator and leaking factors
of node m, respectively. F (m)—the degree of m’s fanouts—
is also used in the cost function. Its effect will be explained
shortly. α, β, γ are positive coefficients used to weigh each
term. The intuition behind our cost function includes the
following.
1) The “αln(L(m) + 0.001” part on the exponent of cost
function favors those nodes that have less timed inputs
leaking from m. This is because that we do not want
those leaked inputs to introduce new structural correlation for their descendent nodes. Also, a small constant
0.001 is used to make the calculation valid in the case
of L(m) = 0.
2) The part “−γln(D(m))” biases our choice toward those
nodes that dominate more timed inputs, as suggested in
[6].
3) The part “βln(F (m))” on the exponent is used to penalize
cutting at those nodes who have a large number of
fanouts. Because the more fanouts a node has the more
structural correlation it may introduce for its decedent
nodes.
The effects of the first two terms L(m) and D(m) on
partitioning have already been discussed in Section VII-A.
The third term F(m) is used to reduce structural correlation.
In our cost function, we prefer to keeping the high-fanout
nodes within a partition rather than using them as the partition
boundary by putting a high penalty for the latter case.
For an example of using {α = 0.5, β = 2, γ = 1} for
Fig. 8(b), cost(n1) = 0.3, cost(n2) = cost(n3) = 0.72. So n1
is chosen as the partitioning point, as shown with the check
mark in Fig. 8(b). The new 5-feasible timed support set of n4
is tSup(n4, t) = {a(t − 3), n1(t − 3), n1(t − 2), d(t − 2)}. This is
actually the optimal partition to minimize structural correlation
due to reconvergent net from n1. Note that the two temporally
correlated terms, n1(t − 3) and n1(t − 2) introduced by cutting
at n1, will be taken care of by theorems in Section VI.
Notice that this algorithm naturally allows overlapping of
nodes’ influential cone when necessary. For example, to par-

1
2
3
4
5
6
7
8

g1
g2
g3
g4
g5
g6
g7
g8

Origins of Timing
Paths

n1, n2
{n1, n2}
n3, n4
{n3, n4}
g1, g2
{n1, n2, n3, n4}
n6, n7
{n6, n7}
g3, g4
{n1, n2, n3, n4, n6, n7}
g3
{n1, n2, n3, n4}
n5, g6
{n5, n1, n2, n3, n4}
g5, g7 {g3, n6, n7, n5, n1, n2, n3, n4}

Cut
pnt

Origins of
Timing Paths
After Partn.

g3

{g3, n6, n7}

g3

{n5, g3, n6, n7}

tition the circuit in Fig. 9 the algorithm runs for each internal
node in a topological order as listed in Table III. This allows
the influential fan-in cones for g8 and g5 overlap. With this
capability of overlapping, both g5 and g8’s stabilization probabilities can be calculated optimally. Because the reconvergent
nets rooted at g3 can be totally contained in both g5 and
g8’s influential cones, the structural correlation is minimized.
However, if overlapping is disallowed then either g5 or g8 can
be calculated optimally but not both.
VIII. Experimental Results
The proposed algorithm (tTDD + Partition) is implemented
in C on top of SIS [20] to analyze the dynamic behavior
of digital circuits. The benchmark circuits are first compiled
into Verilog netlists using Synopsys Design Compiler (DC)
ver.2007-SP3 using TSMC65nm library cells. These netlists
are then fed into our tool to derive behavior curves for each
node. The POs’ behavior curves are compared with the golden
results generated from simulation point by point. The details
of the timing model and golden results are described below.
Timing model: To enable comparison with DynaTune which
only supports a simple timing model, we first did experiments
for both DynaTune and tTDD + Partition for the same simple
timing model where cells of the same type have the same
delay. The golden results for this test group are also from
simulation with the simple timing model.
Moreover, we also did experiments for tTDD + Partition
with a detailed timing model where the timing information is
directly extracted from design compiler’s timing engine. We
use the DC’s “write− sdf” command to extract the timing in
standard delay format (SDF), which automatically considers:
1) each pin-to-pin delay; 2) the rise and fall delay; 3) the
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Fig. 10.

Dynamic behavior of CLA 32b-adder’s carryout bit.

cell’s driving strength; 4) input transition time; and 5) the cell’s
fanout load. This SDF file is then converted into a delay table
to be used in our tool.
Timed simulation: We use Cadence NCsim 5.7 as our digital
circuit simulator. First, the SDF file extracted from DC is
back-annotated to the netlist. Then, input vectors are generated
according to specified probabilities. The timed simulation is
carried out in floating mode [13], under which the internal
gates and nets take value “X” before a single input vector is
applied to settle down their values.
According to NCSim’s user manual, its logic simulator
algorithm is event driven in that each logic value change on a
net is scheduled as an event for a future time point. By default,
the simulator favors for simulation speed so that some logic
value changing events may not be scheduled precisely on the
timing axis to save simulation time. To enable logic simulation
with precise timing, we need to use “pathdelay− enhanced”
declaration in our library cell’s simulation model [14]. This
option makes it run slower but produce the most accurate
dynamic timing results.
Golden result: To determine POs’ dynamic activities during
the simulation, we write a Verilog Programming Interfacing
program using the callback mechanism to record the timestamp of each PO’s last switching activity in every cycle.
After simulation of one million cycles, these timestamps are
collected to form the PO’s dynamic behavior curve.
Fig. 10 shows an example of the output of our proposed
algorithm for a 32-bit carry-look-ahead (CLA) adder’s carryout bit. The intermediate stabilized-to-0 and stabilized-to-1
dynamic curves for this carryout bit computed by our proposed
approach are drawn (dashed curves). The overall dynamic
behavior curve (the sum of the probabilities of stabilizedto-0 and stabilized-to-1) for this carryout bit is also shown
as a dotted curve. The golden simulation results are shown
as diamonds. The calculated dynamic behavior curve closely
matches the simulation results.
Also it is interesting to notice that although this carryout
bit’s true critical path has a length of 700 ps, its stabilizedto-1 and stabilized-to-0 curves converge very early at 450 ps.
In other words, this carryout bit can be stabilized far before
700 ps with a probability close to 100%. This result confirms
similar observations made in [2].

ISCAS’85 benchmarks are widely used to study the performance of BDD-based applications because these benchmark
circuits tend to have a large number of reconvergent nets. In
this section, we show that: 1) our proposed dynamic behavior
curve computation with tTDD and partitioning has very good
accuracy comparing to simulation results; 2) it runs fast; and
3) the accuracy preserves across different input static probability settings.
1) Accuracy Comparison: Dynamic behavior curves derived from our algorithm (K = 6) and the original DynaTune
algorithm [11] are both compared with the golden behavior
curves generated from simulation. To quantify the accuracy,
we use mean absolute error (MAE) and root mean square
error (RMSE) measures. Only the data points between the
earliest AT and latest AT on these dynamic behavior curves are
compared, because the data points beyond this range are trivial.
Due to the limitation of DynaTune, the first two sets of
data—DynaTune (simple) and tTDD + Partition (simple)—are
compared with simulations using a simple timing model. The
last set of data—tTDD + Partition (detailed)—are compared
to simulations with a realistic (more difficult) detailed timing
model directly extracted from the SDF files. From Table IV,
we notice that with the simple timing model, the accuracy of
both DynaTune and our algorithm is very high, and tTDD +
Partition is just slightly worse than DynaTune. Our algorithm
with the detailed timing model still maintains very good
accuracy with a MAE of 2.2% and a RMSE of 4.8%. Also
note that three circuits cannot be finished by DynaTune due
to BDD explosion.
2) Runtime Comparison: The experiments are done on
a 2.8 GHz Intel Xeon processor with 4 GB of memory. The
runtimes for different configurations are shown in Table V.
With the detailed timing model, NCSim takes thousands of
seconds to finish one million cycles of simulation. DynaTune
may fail due to BDD size explosion. tTDD + Partition can
finish computation in less than 2 min for every circuit with the
partitioning algorithm taking insignificant portion of the total
runtime. Compared to DynaTune with a simple timing model,
tTDD + Partition with detailed timing model still achieves an
average speedup of 65× with negligible error increase.
3) Comparison With Max-Fanout-Free-Cone (MFFC)Based Partitioning: The proposed partitioning algorithm
significantly improves the dynamic behavior analysis accuracy.
To demonstrate this, we compare with a different partitioning
algorithm based on MFFC. A fan-out free cone (FFC) for a
node n is a set of nodes in its transitive fan-in cone, where
these nodes’ fan-outs are completely contained in the FFC.
A MFFC for a node n is such a FFC having the maximum
number of nodes. MFFC-based partitioning is interesting
because it tends to form partitions to have reconvergent
nets contained within the partition. As a result, the signal
correlation due to such reconvergent nets is mitigated. For this
reason, we implemented a MFFC-based partitioning algorithm
to compare with the proposed tTDD partitioning. We produce
MFFCs based on a labeling algorithm [15] commonly used
in FPGA synthesis and decompose MFFCs when they are
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TABLE IV

TABLE VI

Dynamic Behavior Curve Accuracy Comparison

Accuracy Compared With MFFC-Based Partition

C17
C432
C499
C880
C1355
C1908
C2670
C3540
C5315
C6288
C7552
Ave.

DynaTune
Simple
MAE
RMSE
0%
0%
1.7%
3.6%
1.4%
3.3%
0.6%
2.3%
2.1%
4.9%
1.6%
3.1%
1.5%
4.7%
–
–
2.8%
4.9%
–
–
–
–
1.5%
3.4%

tTDD + Partition
Simple
Detailed
MAE
RMSE
MAE
RMSE
0%
0%
0.0%
0.0%
1.7%
3.7%
2.8%
5.8%
1.4%
3.5%
1.3%
3.9%
0.8%
2.4%
1.0%
2.0%
2.3%
6.0%
0.8%
2.1%
1.7%
3.3%
1.8%
3.5%
1.1%
4.0%
1.0%
3.3%
6.1%
11.1%
6.3%
11.2%
2.6%
4.7%
3.4%
5.9%
1.9%
5.2%
3.9%
8.9%
2.2%
5.3%
2.3%
5.7%
2.0%
4.5%
2.2%
4.8%

C17
C432
C499
C880
C1355
C1908
C2670
C3540
C5315
C6288
C7552
Ave.

MAE (%) tTDD Versus MFFC
tTDD
MFFC
Diff (%)
0.0%
2.7%
N/A
2.8%
3.9%
39.3
1.3%
12.3%
846.2
1.0%
6.1%
510.0
0.8%
11.0%
1275.0
1.8%
3.3%
83.3
1.0%
5.2%
420.0
6.3%
7.8%
23.8
3.4%
5.5%
61.8
3.9%
8.0%
105.1
2.3%
5.6%
143.5
2.2%
6.5%
190.2

TABLE VII

Runtime (S) Comparison for the Benchmark Circuits

C17
C432
C499
C880
C1355
C1908
C2670
C3540
C5315
C6288
C7552
Ave.

NCSim Dyna Tune
tTDD-P (Detailed)
Speedup
Detail (Simple) Partition(s) tTDD (s) Total
49.7
0.1
0.0
0.0
0.0
10×
614.0
34.3
0.1
2.5
2.6
13×
1240.0
326.9
0.1
4.4
4.4
74×
1137.4
41.9
0.1
3.4
3.4
12×
1093.0
643.1
0.0
3.2
3.3
198×
1110.0
977.6
0.1
5.3
5.4
182×
2735.0
184.1
0.2
6.7
6.8
27×
2980.0
–
1.1
75.0
76.1
N/A
4622.0
84.2
0.5
16.0
16.5
5×
7138.2
–
1.0
101.3 102.3 N/A
5651.6
–
0.6
20.1
20.7
N/A
65×

excessively large. Replacing the proposed tTDD partitioning
algorithm with MFFC-based algorithm, we observe a
significant drop of dynamic behavior analysis accuracy. As
shown in Table VI, the average error measured with MAE
increases by 190%. For some circuits, e.g., C1355, the error
increases by up to 12×. This is because forming MFFCs may
prevent reusing multi-fan-out nets in behavior analysis across
partitions as our tTDD partition does (illustrated in Fig. 9).
In Table VI, we use “kave ” and “kmax ” to denote the average
number of timing paths and the max number of timing paths
that contained in a partition, respectively, for both partitioning
algorithms. From the results, we note that tTDD partitioning
can maintain accuracy with a much smaller “kmax ” value,
which helps to archive large speed-up.
4) K’s Effect on Accuracy and Runtime: Partition parameter K controls the overall quality of the experimental results. A
small K value produces small partitions but limits the amount
of correlation that can be considered in a partition. A big
K value however may deteriorate the runtime significantly.
Fig. 11 shows K’s effect on speed and accuracy. The runtime
is normalized to the time needed for probability calculation on
tTDDs for the case of K = 6. The accuracy is also normalized
to the MSE with K = 6. We can observe that the time for
partitioning is insignificant and linear to K, while the tTDD
calculation time shows an exponential trend. The accuracy

MFFC
kave
kmax
3.1
6
3.4
10
4.1
12
4.4
15
4.6
10
4.2
12
5.0
16
3.8
15
4.6
19
2.4
9
4.9
19

Error Under Various Input Static Probability

TABLE V

C17
C432
C499
C880
C1355
C1908
C2670
C3540
C5315
C6288
C7552
Ave.

tTDD
kave
kmax
3.7
6
4.5
6
4.3
6
4.0
6
3.8
6
4.4
6
4.1
6
5.7
8
4.2
6
5.1
7
4.4
6

Fig. 11.

Mean Absolute Error Under Different Input Static
Probability Configurations
Pr = 10% Pr = 30% Pr = 50% Pr = 70% Pr = 90%
0.6%
0.9%
0.0%
0.4%
0.5%
2.8%
3.2%
2.8%
1.8%
4.0%
1.0%
0.9%
1.3%
0.8%
0.9%
0.4%
0.6%
1.0%
1.2%
0.9%
1.1%
0.7%
0.8%
0.4%
0.2%
1.4%
2.1%
1.8%
1.2%
0.5%
1.1%
1.1%
1.0%
1.1%
1.0%
2.8%
5.7%
6.3%
7.0%
6.6%
1.8%
3.3%
3.4%
2.5%
1.1%
3.6%
4.8%
3.9%
4.0%
5.0%
2.3%
2.3%
2.3%
2.3%
2.8%
1.7%
2.3%
2.2%
2.0%
2.1%

tTDD partition parameter K’s effect on accuracy and runtime.

improves slightly for larger K. Therefore, we choose K = 6
for the majority of our experiments for balanced tradeoff.
5) Insensitive to Input Static Probability: To understand
how sensitive the proposed tTDD + Partition approach is with
respect to the PI’s initial static probabilities, we swipe the
PI’s static probability from 10% to 90%. Table VII shows the
results for these experiments. We can see that across all initial
static probability settings, the proposed approach maintains
very good accuracy. Therefore, we can conclude that tTDD +
Partition is not sensitive to PI’s initial static probabilities.
B. Experiments on MCNC Circuits
In this section, we apply the proposed dynamic behavior
analysis algorithm on the largest MCNC benchmark circuits to
understand how adequate our algorithm can be applied to different types of circuits. For MCNC benchmarks, we listed the
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TABLE VIII
Accuracy and Runtime Comparison for MCNC Benchmarks
NCSim
(s)
too− large 1054.8
x4
1192.5
k2
2268.7
misex3
3785.3
i9
1474.4
i8
2389.4
pair
4738.0
seq
6328.5
apex2
5388.0
des
11078.4
ex1010
4485.0
i10
7051.9
spla
17612.2
pdc
18994.0
Ave.

Dyna-Tune
(s)
42.0
7.4
68.3
87.4
23.9
42.6
257.4
96.0
–
–
81.8
–
–
–

tTDD+P
Time
1.4
0.8
4.6
7.8
1.9
3.2
7.8
12.2
11.4
17.5
12.6
19.2
48.5
54.2

Speedup

MAE

RMSE

30×
9×
15×
11×
12×
13×
33×
8×
N/A
N/A
6×
N/A
N/A
N/A
15×

1.4%
0.2%
2.4%
2.8%
1.5%
2.0%
2.8%
1.2%
2.7%
1.9%
0.4%
1.4%
0.5%
0.9%
1.7%

3.2%
0.8%
6.3%
7.1%
3.1%
3.6%
4.7%
3.1%
5.0%
3.4%
1.5%
4.5%
2.9%
3.5%
3.9%

results of runtime, speedup and accuracy for detailed timing
model in Table VIII. For some MCNC benchmarks, constructing BDDs is relatively easier than ISCAS benchmarks. So the
speed difference between DynaTune and tTDD+partition is not
that drastic when DynaTune can construct BDDs efficiently.
Hence, the average speedup is smaller than that for ISCAS
benchmarks. However, for some large circuits, DynaTune
failed because it was not able to analyze stabilization conditions with an efficient and small BDD. On the other hand,
our proposed approach can compute the dynamic behavior for
all of them and still maintain a very good accuracy. For this set
of benchmarks, the error is smaller than ISCAS benchmarks
with an average MAE of 1.7% and an average RMSE of 3.9%.
The average speedup is 15×.
IX. Conclusion
In this paper, we proposed a method to analyze the dynamic
behavior of digital circuits. A new data structure tTDD is
introduced to encode the stabilization conditions of a node
in a circuit. To preserve probability calculation accuracy, false
assignment pruning and random variable compaction are used
to take care of the temporal correlation. In addition, a new
partitioning heuristic is used to deal with structural correlation
and the size explosion issue of using decision diagrams. Experimental results showed very good accuracy and a significant
reduction in runtime compared to previous results.
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